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Chapter 1
Introduction
1.1 Purpose of the study
After the successful isolation of individual graphene flake in 2004, graphene has become one of the
most intensively studied topics. Since then, a great amount of effort has been made to exploit
graphenes extraordinary electronic properties and to realize novel electronic phenomena. Stacking
graphene layers in particular order is one of promising ways to manipulate its electronic properties.
Actually, the weak van der Waals interlayer coupling allows various stacking arrangements, and
it realizes a variety of the electronic structures. Recently, a great deal of attention has been paid
to the twisted bilayer graphene (TBG), where two graphene layers are misoriented with relative
rotation.[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12] In a small rotation angle, in particular, the interference
between the incommensurate lattice structures gives rise to a moiré pattern with a long spacial
period, and it is predicted to strongly modify the original monolayers linear dispersion.
However, most of the previous theoretical works on TBG assumed that the two graphene
layers are rigid and simply stacked without changing the original honeycomb lattices. In a real
system, however, the lattice structure spontaneously relaxes to achieve an energetically favorable
structure, and such deformation should have dramatic impact on band structure. To understand
the electronic property of TBGs, it is essential to identify the optimized the lattice structure and
calculate the band structure on it. The purpose of this thesis is, first, to understand the mechanism
of the formation of such domain structures on TBG. The second purpose is to investigate the effect
of the domain formation on the energy spectrum of TBG. Our third goal is study the impact of
domain boundaries on the transport properties of bilayer graphene systems.
1.2 Organization of the thesis
The thesis is organized as follows. In chapter 2, we preview multilayer graphene’s atomic and
electronic structures at various stacking orders. Chapter 3 devoted to the domain formation in TBG
and its effect on the electronic structure. Here we will introduce a phenomenological continuum
model to describe the lattice relaxation in TBGs, and and by using it, we demonstrate that the
optimized structure forms a triangular domain pattern, which separates AB and BA stacking
regions. We then calculate the electronic band structure under the domain formation. Then
in chapter 4 we discuss the transport property through AB-BA domain boundary in multilayer
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(b) AA (c) Twisted bilayer graphene
Figure 1.1: Atomic structure of (a) AB-stacked graphene, (b) AA-stacked graphene, and (c) twisted
bilayer graphene at rotation angle θ.
graphene. In this chapter, we show the theoretical formulation to construct the AB-BA domain
boundary and then study its affect on transmission properties of the system. Finally, summary
and conclusion is presented in chapter 5.
1.3 Background
1.3.1 Monolayer graphene
Graphene is one-atom-thick crystal which consists of a single sheet of carbon atoms, and the
thinnest crystal ever produced and also the first 2D material ever observed in nature. Before the
successful isolation of individual graphene flakes [13, 14], graphene was considered as a theoret-
ical model to study carbon-based materials such as three-dimensional bulk graphite, [15, 16, 17]
graphite interlayer compounds [18, 19, 20, 21, 22] and carbon nanotubes. [23] There it was noticed
that graphene has a zero gap band structure where the conduction bands and valance bands touch
each others at the corners of Brillouin zone [16]. Near those corners, the band dispersion is linear
and is equivalent to that of a relativistic massless particle like photon and neutrinos. Therefore,
electrons in graphene can be viewed as massless charged fermions in 2D space, and this unique
characteristics has never been seen in any others 3D materials before. Graphene therefore has also
been test-bed for studying massless Dirac fermions from the theoretical interests [24, 25, 26, 27].
1.3.2 Regularly-stacked bilayer and trilayer graphene
Stacking graphenes into multilayer gives a variety of electronic structures distinct from the mono-
layer’s linear band. [29, 30, 28, 31, 32, 33, 34, 35, 36] For bilayer graphene, there are various
conceivable stacking structures as shown in Fig. 1.1 (a) and (b). The most stable stacking struc-
ture is known to be AB stacking which is also known as Bernal stacking, where A1 atom on the
first layer locates right above B2 atom on the second layer as in Fig. 1.1 (a). In bilayer graphene,
the interlayer coupling drastically changes the linear band structure of monolayer. In AB-stacking,
there is no band gap between the valance band and conduction band as in monolayer, while the
low-energy dispersion is quadratic rather than linear [Fig. 1.2 (a)]. [29] On top of that, an energy



































(b) AB with asymmetric field
Figure 1.2: Band structures of: (a) - (b) AB-stacked graphene (the dashed lines in (b) show the
bands under effect of various magnitudes of electric field), and (c) AA-stackedgraphene. [28]
field perpendicular to the graphene sheet as shown in Fig. 1.2(b). [29, 30, 37, 38, 39] The tunable
band gap in bilayer graphene has the potential application to optoelectronics, nanoelectronics and
other purposes [37, 38, 40, 41, 42, 43, 44, 45]. There are also other stacking structures, for example,
AA stacking [46] as in Fig. 1.1(b), where the A (or B) atoms from both layer sitting right above or
below each others. Unlike AB-stacking, AA stacked graphene is less stable due to repulsive nature
of π-bonds. In AA-stacking, the low energy spectrum consists of two Dirac cones displaced by
amount 2γ1. Where γ1 is the hoping between two nearest vertically aligned atoms.
For trilayer graphene, in nature, there are two kinds of stable stacking structure called ABA
(Bernal) and ABC (rhombohedral) stacking as shown in Fig 1.3 (a) and (b), respectively. Generally
the ABA structure is thermadynamically the most stable and common, while it is also known that
some portion of natural graphite takes the ABC form [47]. Similar to monolayer and bilayer
graphene, the low-energy physics can be described by the effective mass approximation. The
energy band of ABA trilayer structure includes the sub-bands analog to the monolayer and the
bilayer graphene [30, 34, 35, 36, 48], and thus two conduction bands and two valance bands are
touching at Fermi energy. On the other hand, the ABC has only one conduction and one valance
band touching at neutral charge point, and the dispersion is propotional to k3. In ABC trilayer
graphene, an interlayer asymmetric potential opens an energy gap as in AB bilayer, [49, 50, 51],
while it causes a band overlapping in ABA trilayer [48, 49].
1.3.3 Twisted bilayer graphene
In bilayer graphene, the weak coupling between graphene’s layers also allows them to stacked with
a random angle. The rotational stacking structure has been widely observed in epitaxially-grown
multi-layer graphenes,[52, 53, 54, 55, 56, 57, 58]. TBG can also be realized by folding a single
sheet of graphene [59, 60, 61] or by manually aligning single layer graphenes. [62] The electronic
properties of TBG has also been intensively studied in theory, where it was shown that the energy
spectrum sensitively depends on its rotation angle θ. In a small θ, in particular, the interference
of the incommensurate lattice structures gives rise to a moiré pattern with a long spacial period
and it significantly influences the low-energy spectrum. As we can see from Fig. 1.5 (a), (b),
(c), the low energy bands are linear similar to monolayer’s bands. However, the band velocity
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Figure 1.4: Twisted bilayer graphene at rotation angle θ = 2.65◦. The blue squares indicate the
regions where the lattice structure locally resembles the regular stacking arrangement such as AA,
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Figure 1.5: Energy band structure of TBG at various rotation angles: (a) θ = 9.43◦, (b) θ =
3.89◦,(c) θ = 2.65◦, (d) θ = 1.47◦. The redlines is energy dispersion of monolayer graphene. [11]
Figure 1.6: Brilloiun zones of two individual layers of TBG at rotation angle θ.
drops when decreasing the rotation angles. For TBG less than a 2◦ degree [Fig. 1.5(d)], the low
energy bands are heavily distorted and become almost flat bands. The evolution of the angle-
dependent band structures can be roughly explained by looking at individual first Brillouin zone
of two layers, Fig. 1.6. When rotation angle is large enough, two monolayer’s bands intersect a
energy level larger than 1eV above (or below) Dirac energy. Therefore, two Dirac cones are well
separated and two layers are basically decoupled. The system remains characteristics of single
layer graphene. At rotation angle of few degree (lower than 10◦), the cones starts hybridizing at
low energy regime. This results in two flat bands at either sides of Dirac energy and reduced Fermi
velocity. These flat bands generate a pair of angle-dependent van Hove singularities in density
of states which has been experimentally observed and theoretically studied. [55, 63, 64] The low
energy dispersion, however, remains linear as in monolayer case. Below 2◦, two cones intersect
at really low energy level and as a result, heavily distort the dispersion. The low energy bands
are now almost flat and no longer linear. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12]. Around 1◦, the
band velocity is completely suppressed at some particular angle. This threshold angle is called
”magic angle” which is theoretically found at θ ∼ 1.05◦ − 1.5◦ [3, 9, 65, 66, 67]. Fig. 1.7 shows
the dependence on twist angle θ of Fermi velocity using various calculation methods [68]. Under a
magnetic field, the long-range superlattice period gives rise to the fractal energy spectrum known
as the Hofstadter butterfly.[69, 70, 71, 72, 12, 11, 73, 74, 75, 76]
10 CHAPTER 1. INTRODUCTION






























































Figure 1.7: Velocity of a bilayer divided by the velocity of a monolayer, at the Dirac point, as a
function of θ . The insert shows a zoom on very small angles. Black/green point: TB calculation,
red cross: ab initio calculation, blue line: law proposed by [66], orange line: model proposed by
[67] for very small angles. The latter line is rescaled to obtain a first minimum of the velocity at
1.13 as in TB calculations (see text). Ab initio calculations and most of the TB calculations for
θ > 1.05◦ are from [3]. [68]
1.3.4 Domain formation in bilayer graphene
Most of the band calculations for TBG assumes that the two graphene layers are rigid and simply
stacked without changing the original honeycomb lattices. In a real system, however, the lattice
structure spontaneously relaxes to achieve an energetically favorable structure[78, 79, 80, 81, 82],
and it should influence the electronic spectrum. If we consider a TBG with a small rotation
angle as in Fig. 1.4, for instance, we notice that the lattice structure locally resembles the regular
stacking such as AA, AB or BA, depending on the position. Here AA represents the perfect
overlapping of hexagons, while AB and BA are shifted configurations in which A(B) sublattice is
right above B(A). Since the interlayer binding energy is the lowest in AB and BA and the highest
in AA stacking [78, 83, 84], the TBG spontaneously deforms so as to maximize the AB/BA areas
while minimize AA area. In fact, such an AB/BA domain structure was experimentally observed
in multilayer graphenes grown by chemical vapor deposition[85, 86, 77] [Fig. 1.8 and 1.9]. Two
type of AB - BA domain boundaries have been observed in [77] as illustrated in Fig. 1.10. The
shear type [Fig. 1.10(A)] has deformation vector u(r) perpendicular to boundary, while the tensile
type’s deformation vector is parallel to boundary [1.10 (D)]. The width of boundaries varies from
6 to 11nm in shear and tensile types respectively. In trilayer graphene, similar stacking fault
was also found where ABA and ABC stacking are connected [Fig. 1.11]. The graphene lattice
relaxation was also found in another moiré superlattice of graphene on hexagonal boron-nitride,
[69, 70, 71, 72, 75, 76] where the sublattice inequality in hBN results in a hexagonal domain pattern.
[87, 88, 89, 90]
In theory, the lattice relaxation in TBG was computationally studied by the density-functional
calculation [79], the molecular dynamics [80], and also by multi-scale continuum model based
on the first-principle calculation [81]. AB/BA domain formation was captured in [80], and [81].
The electronic structure of TBG with lattice relaxation was studied only in [79], while the work




Figure 1.8: Dark-field TEM images of bilayer graphene, imaged through an aperture in the diffrac-
tion plane, as indicated by circles in the inset. (A) At nonzero sample tilt, selecting electrons
from the [1010] family of diffraction angles enables us to distinguish AB (gray) from BA (black)
domains. (B) Three DF-TEM images taken from the [2110] diffraction angles indicated in the inset
are overlaid in red, blue, and green. Imaged this way, each line is an AB - BA domain bound-
ary, with its color indicating the armchair direction along which the relative translation between
graphene layers occurs. [77]
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Figure 1.9: (A) An enlarged region of Fig. 1.8 (B), showing a topological defect where six domains
meet. (B) Schematic of two graphene sheets rotated relative to each other, showing a Moire
pattern that is topologically equivalent to the structure in Fig. 1.9 (A). Alternating AB- and
BA-like regions surround an AA-like core. (C) An atomic-resolution STEM image of the center of
a region like that in Fig. 1.9 (A) where six Bernal-stacked domains meet. (D) STEM image of a
nearby Bernal-stacked region.[77]
electronic spectrum is still unclear.
Here we introduce a simple phenomenological model to describe to describe the domain for-
mation in TBG at general rotation angles. The model is minimum and just includes only few
parameters to characterize the lattice stiffness, the interlayer coupling energy, and the rotation
angle. Using the elastic theory and a simple interlayer adhesion potential, we express the total en-
ergy as a functional of the lattice deformation u(r), and optimize it by solving the Euler-Lagrange
equation. In decreasing the rotation angle, we will actually see that u(r) eventually forms a do-
main structure separating AB and BA regions. We then calculate the band structure of relaxed
TBGs by the tight-binding model and compared it with the non-relaxed case.
1.3.5 Electronic transport in domain boundary
In the 2D systems, a geometrical boundary always has a dramatic impact on the transport property.
For monolayer graphene, there have been extensive studies investigating the electronic transmission
in electrostatic, [92, 93, 94, 95, 96, 97] magnetic,[98, 99, 100, 101], and strain barriers.[102, 103]
The transmission problem was also studied for the structural domain boundaries such as the
grain boundary on polycrystalline graphene,[104] graphene monolayer-bilayer boundary,[105, 106]
and sheared bilayer graphene.[107] AB-BA domain structure also works as a potential barrier for
electrons in graphene system. The electron transmission through a single AB-BA boundary was
studied for graphene bilayer,[108, 109] and it was found that, in general, the transmission through
the boundary is highly suppressed at the low carrier concentration [Fig. 1.13] Interestingly, when
applying electric field perpendicular to the surface, a band calculation using tight-binding model
and ab initio simulation shows gapless edge states localized at the boundary. [110]
In this work, we extend the previous analyses to general graphene multilayers from bilayer to
five layer and investigate the characteristic boundary effect on the electron transport in increasing
the thickness. Specifically we consider a multilayer system in Fig. 4.2 having AB-BA boundary
on the bottom layer while otherwise stacked in Bernal stacking order. We calculate the electron
transmission probability through the stacking fault as a function of the Fermi energy using the tight-
binding model and the transfer matrix method. The result shows that the boundaries generally
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Figure 1.10: Imaging solitons with atomic resolution. (A) and (D): Atomic-resolution STEM im-
ages of ABBA domain boundaries, exhibiting interlayer shear strain and tensile strain, respectively.
As one moves across the boundary from left to right, the two sheets translate relative to each other
in opposite directions, as indicated by the schematics in (C) and (F). (B) and (E): Simulated STEM
images of shear and tensile boundaries, respectively, show good agreement with the experimental
images in A and D. [77]
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Figure 1.11: STM images of partial dislocation network on few-layer (6 ±1 layers) area of graphene
on mica. White triangular mark the ABA and ABC stacked areas accordingly. [91]
(a) (b)
Figure 1.12: (a) STM measurements of a fully aligned graphene-on-hBN sample. (b) Zoomed in
version of (a). Black rectangular marks graphene region with expanded lattice constant while red,
blue, green ones marks regions where graphene is compressed. [87]
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Figure 1.13: Left panels: transmission probability through various structures of AB-BA domain
boundaries (right panels). [28]
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suppress the electron transmission in comparision with the perfect Bernal stacked system, while
the reduction becomes gradually weaker as increasing the number of layers. We also notice that the
transmission shows some odd-even effect at high electron density larger than 1013cm−2, where the
even-layer boundaries have better electron transmission than odd-layer boundaries. We present the
qualitative explanation of those characteristic properties of electron transmission through domain
boundary by considering the local band structure inside the boundary region.
For Bernal stacked bilayer graphene, we can open an band gap between conduction band
and valence bands by applying an external electric field perpendicular to the graphene sheet.
[29, 30, 37, 38, 39] Here we also study the electron transmission in bilayer AB-BA boundary under
the perpendicular electric field, and find that the band deformation induced by the electric field




In this chapter we review the atomic structure and the electronic band structures of monolayer
graphene and regularly-stacked multilayer graphenes.
2.1 Monolayer graphene
2.1.1 Lattice structure and Brillouin zone
We consider the lattice structure of monolayer graphene shown in Fig. 2.1. The primitive transla-
tion vectors are give by
a = a(1, 0), b = a(−1/2,
√
3/2), (2.1)
where a ≈ 0.246 nm is the lattice constant. We also define the a0 = a/
√
3 ≈ 0.142 nm as the
distance between nearest carbon atoms. The vectors connecting nearest neighbor atoms are written
as
τ1 = a(0, 1/
√
3), τ2 = a(−1/2,−1/2
√
3), τ1 = a(1/2,−1/2
√
3), (2.2)






which contains two carbon atoms which will be denoted by A (black) and B (white).
The primitive reciprocal lattice vectors a∗ and b∗ are
a∗ = 2π/a(1, 1/
√
3), b∗ = 2π/a(0, 2/
√
3). (2.4)
The K and K′ points at the corners of the Brillouin zone are given as
K = 2π/a(1/3, 1/
√
3), K ′ = 2π/a(2/3, 0), (2.5)
respectively. We have the relation between τ1, τ2, τ3 and K,K
′
exp(iK · τ1) = ω, exp(iK · τ2) = ω−1, exp(iK · τ3) = 1, (2.6)
exp(iK ′ · τ1) = 1, exp(iK ′ · τ2) = ω−1, exp(iK ′ · τ3) = ω, (2.7)
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Figure 2.1: (a) Lattice structure of Monolayer graphene, (b) First Brillouin zone.
where ω = exp(2πi/3). and ∑
l
exp(iK · τ1) =
∑
l
exp(iK′ · τ1) = 0. (2.8)
2.1.2 Energy band structure
The low-energy band structure of monolayer graphene can be derived using the tight-binding model
[15, 112, 23, 113].




















We can easily see that ε±(K) = ε±(K′) = 0. In the vicinity of K and K′ points
ε±(K + k) = ε±(K











for |k|a 1. Figure 2.2 shows the low-energy band structure of monolayer graphene. In the first
Brillouin zone, the conduction bands and the valance bands touch each others at the corners of the
Brillouin zone. Near those corners, the dispersion is linear which can also be seen from Eq. 2.12.
To calculate the energy dispersion near K and K ′ point, we can also use the effective-mass
model [23], which can be derived by linearizing the tight-binding Hamiltonian. The Schrödinger
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First Brillouin zone At the vicinity of K point
Figure 2.2: Energy band structure of monolayer graphene.
equations near the K and K ′ point are given by













































which is consistent with Eq. (2.12)
2.2 Regularly-stacked multilayer graphenes
In this section, we quickly review the atomic and electronic structure of multilayer graphene (up
to 5 layers stacked).
2.2.1 Atomic structure
In multilayer graphene, the weak van der Waals coupling between adjacent layers allows many
stacking configurations. When two layers of graphene are stacked together, they are usually aligned
20 CHAPTER 2. ELECTRONIC STRUCTURE OF REGULARLY-STACKED GRAPHENES

























Figure 2.3: Atomic structure of: (a) · · · BABA , (b) · · · BABC N-layer graphene.
in such a way that A atoms from the top layer are vertically aligned with B atoms from bottom
layer. We call this AB stacking or Bernal stacking [Fig 1.1 (a)], which is the most stable stable
structure of bilayer graphene. A unit cell can be chosen as shown in Fig. 2.4 (a) which consists of
8 carbon atoms (4 from each layer). The interlayer spacing is d0 ≈ 0.335 nm and the the hoping
between two vertically arranged atoms is γ1 ≈ 0.39 eV [18, 38]. In the case of trilayer graphene,
the relative position between layers gives rise to two different stacking structure: ABA (Bernal)
and ABC (rhombohedral) as illustrated in Fig. 1.3 (a), (b) respectively. Beyond three layers, the
stacking order could be very complex. In this thesis, we are only interested in N-layer · · · BABA
(Bernal) and · · · BABC stacking whose atomic structures are shown in Fig. 2.3 (a) and (b).
(a) AB bilayer graphene (b) ...BABA graphene (c) ...BABC graphene
B-site
A-site
Figure 2.4: Unit cells of: (a) AB stacked bilayer graphene, (b) ...BABA stacked graphene and (c)
...BABC stacked graphene.
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2.2.2 Energy band structure
We consider rectangular unit cell shown in Fig. 2.4 which consists of 2N atoms (N = 2,3,4... is
the number of layer). The period in x and y direction is
√
3a and a respectively. To calculate the
band structure, we write the Schrodinger equation for j-th unit cell
(ε−H0)Cj = −T †Cj−1 − TCj+1, (2.19)
where H0, T
†, T are (2N × 2N) matrices. H0 includes the hoping between atoms within the unit
cell, while T † and T express interaction between Cj and its adjacent cells.
For example, in the case of bilayer graphene, let’s call Ai, Bi, Ci, Di are the atom from i-layer























































n=−∞ t(RM+na−RN )eikyna with t(RM+na−RN ) being the hoping between
atom M and atom N and can be calculated using Slater-Koster approximation





























where d = Ri −Rj is the distance between two atoms. ez is the unit vector on z axis. V 0ppπ ≈
−2.7eV is the transfer integrals between nearest-neighbor atoms of monolayer graphene which are
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located at distance a0 = a/
√
3 ≈ 0.142nm. V 0ppσ ≈ 0.48eV is the transfer integral between two
nearest-vertically aligned atoms. d0 ≈ 0.335nm is the interlayer spacing. The decay length r0 of
transfer integral is chosen at 0.184a. At d >
√























In Fig. 2.5 we plot the energy band of multilayer graphene up to five layers with various stacking
structure. As we can see, in AB bilayer graphene, the low energy dispersion is no longer linear
as in single layer case. This is a result of interlayer interaction between two layers. Adding more
layers, the relative stacking order between layers can greatly alter the band structure. In general, a
system with n even layers of Bernal stacking, for example, AB (n=2), ABC (n=2), BABA (n=4),
ABABC (n=4) [Fig. 2.5], will have n parabolic bands touching at neutral point. When n is odd,
a Dirac cone emerges at zero energy [Fig. 2.5: ABA (n=3), BABC (n=3), ABABA (n=5)].
When a graphene system consists of a rhombohedral stacking order (ABC, BABC, ABABC),
we have a couple of parabolic bands touching at neutral point. This band becomes flatter when
adding more ABC stacking to the system, and it become surface states localized at outermost
layers if adding infinite number of ABC layers [114].
Interestingly, in the case of AB stacked bilayer graphene, an asymmetric electric potential can
open a band gap. Theoretically, this can be achieved by add potential ∆ (for top layer) and −∆
(for bottom layer) to diagonal elements of Hamiltonian H. In Fig. 2.5 (a) we shows the energy
band of bilayer when ∆ = 0.1 eV.
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Figure 2.5: Energy band structure of: (a) AB bilayer graphene without (∆ = 0) and with asym-
metric electric potential (∆ = 0.1 eV), (b) trilayer graphene ABA and ABC, (c) 4-layer graphene
BABA and BABC, (d) 5-layer graphene ABABA and ABABC.
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Chapter 3
Spontaneous strain in twisted
bilayer graphene
In this chapter, first, we review the geometry of TBG. After that, we will introduce a phenomeno-
logical continuum model to describe the lattice relaxation of 1D atomic chains. We then adopt
the model to 2D cases and, thereby, obtain optimized structure of TBG. Finally, we calculate the
electronic band structure under the domain formation.
3.1 Geometry of twisted bilayer graphene
Let us consider a TBG lattice as illustrated in Fig. 1.4. Here we specify the stacking geometry by
starting from the AA-stacking bilayer graphene, and rotate the layer 2 with angle θ with respect
to the layer 1. In Fig. 1.4, we take θ = 2.65◦ as an example. We define the primitive lattice
vectors of layer 1 as a1 = a(1, 0), a2 = a(1/2,
√
3/2), where a = 0.246 nm is graphene’s lattice
constant. The primitive lattice vectors of layer 2 can be obtained by rotating those of layer 1 as
ãi = R(θ)ai (i = 1, 2) where R(θ) is rotation matrix. The reciprocal lattice vectors of layer 1 are
given by a∗1 = 2π/a(1,−1/
√
3) and a∗2 = 2π/a(0, 2/
√
3), and those of layer 2 by ã∗i = R(θ)a
∗
i
(i = 1, 2).
The Brillouin zone of layer 1 and layer 2 are shown in Fig. 3.1 by two large black, red dashed
hexagons, respectively. In TBG, they are folded into reduced Brillouin zones shown by small blue
hexagons. We label the corner points of the folded Brillouin zone by K̄ and K̄ ′, the midpoint of
each side by M̄ , and the zone center by Γ̄.
When the rotation angle is small, the mismatch of the lattice periods of two rotated layers gives
rise to the long-period moiré beating pattern, of which spatial period is estimated as follows. In
the rotation from the AA stacking, an atom on layer 2 originally located at site r0 (right above
the layer 1’s atom) is moved to the new position r = R(θ)r0. Then we define the interlayer atomic
shift δ(r) as the in-plane position of an layer 2’s atom at r measured from its counterpart on layer
1, i.e.,
δ(r) = r− r0 = (1−R−1)r. (3.1)
When δ(r) coincides with a lattice vector of layer 1, then the position r (layer 2’s atom) is occupied
also by an atom of layer 1, so that the local lattice structure at r takes AA arrangement as in the
25
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kx
ky
Figure 3.1: Brillouin zones of layer 1 (black hexagon), layer 2 (red dashed hexagon) and twisted
bilayer graphene (blue hexagons) at θ = 2.65◦.
origin. Therefore, the primitive lattice vector of the moiré superlattice LMi is obtained from the
condition δ(LMi ) = ai, which leads to
LMi = (1−R−1)−1ai (i = 1, 2). (3.2)





The corresponding moiré reciprocal lattice vectors satisfying GMi ·LMj = 2πδij are written as
GMi = (1−R)a∗i = a∗i − ã∗i . (i = 1, 2), (3.4)
where we used R† = R−1.
In general TBGs, the lattice structure is not exactly periodic in the atomic level, since the
moiré interference pattern is not generally commensurate with the lattice period. However, the
superlattice becomes rigorously periodic at some special θ, where vector ma1 + na2 meets vector
na′1 +ma
′
2 with certain integers m and n.[2] The exact superlattice period is then given by
L = |ma1 + na2| = a
√




which is |m − n| times as big as the moiré period LM. The rotation angle θ is equal to the angle




m2 + n2 + 4mn
m2 + n2 +mn
. (3.6)
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(m,n) θ[◦] Na[atoms/cell] LM[nm] η
(12, 13) 2.65 1876 5.33 0.258
(22, 23) 1.47 6076 9.59 0.464
(27, 28) 1.20 9076 11.72 0.567
(31, 32) 1.05 9076 13.42 0.650
(33, 34) 0.987 13468 14.27 0.691
(40, 41) 0.817 19684 17.26 0.835
(60, 61) 0.547 43924 25.78 1.248
Table 3.1: Index (m,n), the rotation angle θ, the number of atoms Na per unit cell, the size of the
moiré unit cell LM, and the dimensionless parameter η (see, Sec. 3.2) for several TBGs considered
in this thesis.
The number of atoms in a supercell is given by
Na = 4
√
n2 + nm+m2 (3.7)
In Table 3.1, we present (m,n), the rotation angle θ, the number of atoms Na per unit cell,
the size of the moiré unit cell LM, and the dimensionless parameter η (introduced in Sec. 3.2) for
several TBGs considered in this thesis.
3.2 Optimized lattice structure
3.2.1 1-D atomic chain
To describe the lattice relaxation in the continuum theory, we start with a one-dimensional (1D)
model [78] as a simple and intuitive example. The extension to TBG is straightforward as we will
see in the next section. Here we consider a 1D moiré superlattice as shown in Fig. 3.2(a), which
is composed of two atomic chains 1 and 2 having slightly different lattice periods, a = LM/N and
a′ = LM/(N − 1), respectively, with a large integer N . The common period of the whole system is
given by LM. Inside a supercell, there are N sites and N − 1 sites in chain 1 and 2, respectively.
This model can be viewed as an interacting two-chain version of Frenkel-Kontorova model.
In TBG, the atoms in different layers can be associated by rotation. Likewise, the atoms of
chain 1 and 2 are associated by expansion. We can then define the interchain atomic shift δ(x) as
the relative position of the site on chain 2 located at x measured from the position of its counterpart
on chain 1, or






This corresponds to Eq. (3.1) in TBG. Obviously we have δ(nLM) = na for integer n, i.e. the
atoms on different chains are vertical aligned at x = nLM.
Now we introduce the attractive interaction between the atoms of chain 1 and 2, while allowing
the atoms move only in parallel to chain. We expect that the atoms move their positions to
reduce the interchain binding energy UB . As a result, the system tends to reduce the vertically-
aligned region which is, in this case, assumed to have the highest binding energy, and then a
domain structure should be formed as schematically illustrated in Fig. 3.2(b). At the same time,
















































Figure 3.2: (a) One-dimensional moiré superlattice model. (b) Schematic picture of the relaxed
structure, where each atom from one layer are arranged in the middle of two atoms from the other
layer leaving a domain boundary in the middle. (c) Interlayer binding energy per length as a
function of the relative translation δ for commensurate double chains.



























































Figure 3.3: (a) Interlayer atomic shift δ(x) and (b) local binding energy V [δ(x)] plotted against
the postion x in one-dimensional moiré superlattice with η = 0, 0.3, 1 and 3.
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however, such deformation increases the elastic energy UE , so the optimized state can be obtained
by minimizing the total energy U = UE + UB .
Now we define u1(x) and u2(x) as displacement of atomic positions on layer 1 and layer 2,
respectively, measured from the non-relaxed state. The interchain atomic shift in presence of
deformation is then
δ(x) = δ0(x) + u2(x)− u1(x), (3.9)
where δ0(x) = (a/LM)x is that in absence of the deformation, Eq. (3.8). Following the standard
















where κ is elastic constant to characterize the stiffness of the lattice.
If a is very close to a′, the moiré superperiod LM is much greater than the lattice constant a, and
then the local lattice structure resembles commensurate chains with the identical lattice period a,
which are relatively shifted by some specific δ [Fig. 3.2(c)]. Let define V [δ] as the interchain binding
energy per unit length of the commensurate chains. Here we assume an attractive interaction
described by the sinusoidal function for V [δ],
V [δ] = 2V0 cos a
∗δ, (3.11)
where V0 > 0 and a
∗ = 2π/a. Obviously V [δ] is periodic with period a, because the sliding by the
lattice spacing a is equivalent to no sliding. It takes maximum at vertically aligned arrangement,
δ = na (n: integer), and minimum at the half shift δ = (n + 1/2)a. Now in the incommensurate
chains in which a and a′ are slightly different, the interchain atomic shift δ is not a constant but
slowly varying as a function of x. Therefore, the interchain binding energy of the incommensurate
chains as a whole is written as
UB =
∫
V [δ(x)] dx. (3.12)
By using Eqs. (3.8), (3.9) and (3.11), we have V [δ(x)] = 2V0 cos[GMx+ a
∗(u1− u2)], where GM =
2π/LM is the reciprocal vector for the moiré superlattice, and we used the relation a
∗δ0(x) = GMx.
The total energy U = UB + UE is the functional of u1(x) and u2(x). Here we define the
coordinates u± = u1 ± u2, and rewrite U as a functional of u±. The optimized state to minimize








+ 4a∗V0 sin(GMx+ a
∗u−) = 0. (3.14)
In the following, we assume that the lattice deformation keeps the original superlattice period,
i.e., u±(x) is periodic in x with period LM. Then u+(x) = const. is the only solution of the first
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Eqs.(3.15), (3.16) and (3.17) are a set of self-consistent equations to be solved.















Roughly speaking, the parameter η characterizes how many harmonics are relevant in the displace-







When η is small such that (2/π)1/2η  1, only the first harmonic term is relevant so u−(x) is
well approximated by a single sinusoidal function. This situation occurs in stiff lattice (large κ),
weak interchain interaction (small V0) or small moiré period (small LM). When η is large, on the
contrary, the large number of harmonics are significant so that u−(x) becomes a sharp function
with respect to the moiré period LM. This condition corresponds to soft lattice, strong interaction,
and large moiré period.
The self-consistent equations Eqs.(3.15), (3.16) and (3.17) can be solved by numerical iteration
with higher harmonics appropriately truncated. In Fig. 3.3(a), we plot the interlayer atomic shift
δ(x) for the optimized state at some different η’s. The line of η = 0 represents non-relaxed case
δ0(x) = ax/L, and the relative shift from this line represents the displacement u−(x). The actual
displacement on each chain is given by u1 = −u−/2 and u2 = u−/2. At η = 0.3, u− is small
compared to the atomic spacing a, and it contains only low frequency Fourier components. In
increasing η, the u− becomes larger and at the same time higher harmonics become more relevant.
In η = 3., we clearly see a step-like structure consisting of two plateau regions of δ = 0 and
a, which are nothing but domains where the atoms are locked to the interleaving positions. Fig.
3.3(b) presents the corresponding plot for the local binding energy V [δ(x)]. We see that the original
cosine function at η = 0 is gradually deformed so as to expand the plateau regions. In η = 3, the
system achieves the minimum energy almost everywhere, except for a thin domain boundary in
the middle.
Actually, the sharp domain boundary observed in large η is well approximated by an analytical
soliton solution. If we concentrate on a small region near the domain boundary centered at x = 0,





∗u−) = 0, (3.21)
where the term GMx is approximately 0, assuming the domain boundary is much narrower com-




































Figure 3.4: Inter-layer binding energy V [δ] of TBG as a function of local atomic shift δ(r).
which is found to nicely agree with the numerically-obtained u− near the boundary. Therefore,















so the parameter η characterizes the ratio of the domain wall width to the moiré unit cell.
3.2.2 Twisted bilayer graphene
The above formulation for 1D moiré superlattice can be extend to TBG system in a straightforward
manner. Let us consider a TBG with a long-period moiré pattern as illustrated in Fig. 1.4, and
introduce the lattice deformation which is specified by the displacement vector u(l)(r) for layer
l = 1, 2. The interlayer atomic shift under the deformation is then given by
δ(r) = δ0(r) + u
(2)(r)− u(1)(r), (3.25)
where δ0(r) is one without lattice deformation, which is defined by Eq. (3.1). Here we neglect the
out-of plane component of the displacement vectors and concentrate on the in-plane motion, in
order to describe the domain formation within the simplest framework. The expected effect of the













(u(l)xx − u(l)yy)2 + 4(u(l)xy)2
]}
d2r (3.26)
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where SM = (
√
3/2)L2M is the area of moiré unit cell, λ ≈ 3.5 eV/Å
2
and µ ≈ 7.8 eV/Å2 are typical






i )/2 is strain tensor.
When the moiré superperiod LM is much greater than the lattice constant a, the local lattice
structure resembles non-rotated bilayer graphene relatively shifted by δ depending on the position
[Fig. 3.4]. We define as V [δ] the interlayer binding energy per area of non-rotated bilayer graphene.






j · δ], (3.27)
where a∗3 = −a∗1−a∗2. The function takes the maximum value 6V0 at AA stacking (δ = 0) and the
minimum value −3V0 at AB and BA stacking. The difference between the binding energies of AA
and AB/BA structure is 9V0 per area, and this amounts to ∆ε = 9V0SG/4 per atom where SG is
the area of graphene’s unit cell. In the following calculation, we use ∆ε = 0.0189 (eV/atom) as a
typical value [83, 78]. The potential profile of V [δ] is presented in Fig. 3.4.
In TBG, δ is not a constant but slowly varying as a function of the 2D position. Then the










j · r + a∗j (u(2) − u(1))], (3.29)




2 and we used the relation a
∗
j · δ0(r) = G
M
j · r.
The relaxed state can be obtained by minimizing total energy U = UE + UB as a functional
of u(l)(r). We define u± = u(2) ± u(1) and rewrite U as a functional of u±. In the following we
consider only u− as we are interested in relative displacement between atoms on two layers. The
















































j · r + a∗j · u−]g
y
j = 0, (3.31)
We define the Fourier components u−q and f
j
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η
Figure 3.5: Dimensionless parameter η as a function of rotation angle θ.
where q = mGM1 + nG
M
2 are vectors of reciprocal superlattice. Euler-Lagrange equations (3.30)
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Eq. (3.32), (3.33) and (3.34) are a set of self-consistent equations. Following Eq. (3.19) in the









In TBG, we have two elastic constants λ and µ, and it is ambiguous which should replace the
position of κ in Eq. (3.19) for 1D model. Here we adopt the simple sum λ+µ in Eq. (3.35). Figure
3.5 plots η as a function of the rotation angle θ. The approximation with the lowest harmonics




3 ) is valid when η  1, or θ >∼ 2◦. The contribution of
high frequency harmonics is not negligible when η is of the order of 1.
We numerically solve the self-consistent equation for several TBGs by numerical iterations with
sufficiently large cut-off in q-space. Figure 3.6 presents an example of calculated result for lattice
relaxation in θ = 1.05◦, where the central panel plots the displacement vector u−(r) as a function
of position, and the left (right) panels show the local atomic structure near AA (AB) stacked point
before and after the relaxation. The actual displacement on each layer is given by u(1) = −u−/2
and u(2) = u−/2. We actually observe that the u− rotates around the center of AA region, and
as a result, the AA region is significantly shrunk while AB region is expanded.
Figure 3.7 summarizes the results for TBGs from θ = 2.65◦ down to 0.547◦. Here the panels
in (a) show the absolute value of the displacement vector u−(r) as a function of position. The






Near AA-point Near AB-point
LM
Figure 3.6: Center panel: Distribution of the displacement vector u−(r) in the TBG of θ = 1.05◦.
Left (right) side-panels: local atomic structure near AA (AB) stacked point before and after the
relaxation. The small dashed circles in the center panel indicate the areas where the local structure
is sampled.
















(c) Pseudo magnetic field






































+70(T) −70(T) +50(T) −50(T) +35(T) −35(T) +35(T) −35(T) +30(T) −30(T)
LM = 5.33nm LM = 9.59nm LM = 13.4nm LM = 17.3nm LM = 25.8nm
Figure 3.7: Two-dimesional maps for (a) absolute value of the displacement vector u−(r), (b) the
local binding energy V [δ(r)]. and (c) strain-induced pseudo magnetic field Beff(r), calculated for
TBGs with various rotation angles.
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distribution of u−(r) on two-dimensional place looks all similar among all the cases, where it takes
the maximum on a ring-like region near the AA spot. On the other hand, its magnitude strongly
depends on θ, where the |u−| is much smaller than the atomic scale a in η  1, while it eventually
becomes comparable when η is of the order of 1. Figure 3.7(b) presents the corresponding plots
for the local binding energy V [δ(r)]. When u−(r) is much smaller than a, as in θ = 2.65◦, the
potential profile is approximately given by V [δ0(r)], which is essentially a sum of three plain waves.
In decreasing θ, the spots of AA-regions shrink and AB and BA regions eventually dominate. The
result looks especially dramatic in small angles less than 1◦, where the relaxed lattices clearly
exhibits a triangular domain pattern of AB and BA regions. Similar to Eq. (3.23) for the 1D








Indeed it roughly agrees with the typical scale of the AB/BA domain wall in Fig. 3.7(b). It is also
consistent with the experimental observation of the shear boundary, which estimates the averaged
width about 6 nm.[77]
3.3 Electronic properties and discussion
3.3.1 Band structure
To calculate the energy band structures in the presence of the lattice strain, we use the tight-binding




t(Ri −Rj)|Ri〉〈Rj |+ h.c. (3.37)
where Ri is the atomic coordinate, |Ri〉 is the wavefunction at site i, and t(Ri−Rj) is the transfer
integral between atom i and j. We adopt the Slater-Koster type formula for the transfer integral,
[116]





























where d = Ri −Rj is the distance between two atoms. ez is the unit vector on z axis. V 0ppπ ≈
−2.7eV is the transfer integrals between nearest-neighbor atoms of monolayer graphene which are
located at distance a0 = a/
√
3 ≈ 0.142nm. V 0ppσ ≈ 0.48eV is the transfer integral between two
nearest-vertically aligned atoms. d0 ≈ 0.334nm is the interlayer spacing. The decay length r0 of
transfer integral is chosen at 0.184a so that the next nearest intralayer coupling becomes 0.1V 0ppπ.
[117, 3] At d >
√
3a, the transfer integral is very small and negligible.
Using the optimized structure obtained in the last section, we specify the lattice position of
each single atom in the relaxed TBG, construct the tight-binding Hamiltonian, and calculate the
energy bands. Figure 3.8 compares the electronic band structure of relaxed (black solid lines) and








































































Figure 3.8: Band structure and density of state of relaxed (black solid lines) and non-relaxed (red
dashed lines) TBGs at various rotaion angles. The energy gap is indicated by a pair of arrows in
the DOS panel.












































Figure 3.9: (a) Band gap between the lowest band and the first excited bands in the electron side
(red, solid line) and in the hole side (blue, dashed), in relaxed TBGs against the rotation angle.
(b) Band velocity at K-point as a function of θ for relaxed (black, solid) and non-relaxed (red,
dashed) TBGs
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non-relaxed (red dashed lines) TBGs at several rotation angles. The horizontal axis are labeled
by the symmetric points of the Brillouin zone for the moiré superlattice [Fig. 3.1], and it scales
in proportion to 2π/LM. At θ = 2.65
◦, we only see a minor difference in accordance with the
small change in the lattice structure in Fig. 3.7(a). A significant deviation is observed below
2◦. The most notable change from the non-relaxed case is that a band gap opens between the
lowest subband near the Dirac point and the first excited subband both in the electron side and
the hole side. Fig. 3.9 (a) shows the size of gap versus rotation angle θ. The gap is observed in
TBGs of 1◦<∼θ<∼1.5◦, and the maximum energy width is about 18meV. In fact, a recent experiment
observed an insulating gap about 50 meV at the superlattice subband edges in TBG with θ ≈ 1.8◦.
[118] This seems qualitatively consistent with the present result, although 1.8◦ is out of the gap-
opening range in our model calculation, and also 50 meV is a bit too large compared to the typical
gap width obtained here. As we see in the present work, however, the lattice relxation and the
electronic structure sensitively depend on the parameter η, and it might be possible that the real
system could have a greater interlayer interaction, allowing a greater gap and a wider range in the
rotation angle for gap opening. It is also conceivable that the gap could be enhanced when the
Fermi energy is right at the superlattice gap position, while the doping effect is not considered in
the present study. We leave the further quantitative arguments for a future problem.
The present model takes account of only the in-plane components of the lattice distortion, as
it is aimed to describe the domain formation within the simplest theoretical framework. Inclusion
of the out-of-plane motion is known to give rise to a corrugation in the perpendicular direction,
[79, 80, 81, 82] where the interlayer spacing modulates by 10%. In a small angle TBG less than 2◦,
in particular, the detailed computational study that the the interlayer spacing is largest only near
AA spot while it is almost flat otherwise. [80, 81] The corrugation is small even at the AB/BA
domain boundary, presumably because it is a shear boundary with no tensile strain, and also the
optimized interlayer spacing does not strongly depend on the stacking structure around there.
Therefore, we expect that the corrugation effect on the electronic structure exclusively comes from
AA spots, where the interlayer distance change should reduce the interlayer electronic coupling by
a few 10%. Since the system is dominated by AB/BA regions, the change of the electronic band
structure is expected to be minor compared to the change caused by AB/BA domain formation
itself.
The lattice strain also strongly modifies the band velocity. Figure 3.9 (b) plots the band velocity
at the Dirac point as a function of θ for relaxed and non-relaxed cases. In both cases, the central
band at the Dirac point is gradually flattened in decreasing θ, and the Fermi velocity vanishes at a
certain angle [65, 67]. We find that the band flattening is a little slower in the relaxed case, i.e at
the same angle, the band width is larger in the relaxed TBG than in non-relaxed counterpart, so
that the critical angle for the vanishing velocity is shifted to the lower rotation angle in the relaxed
TBG.
3.3.2 Pseudo-magnetic field
The lattice relaxation affects the electronic structure in two different ways, by a change of interlayer
Hamiltonian associated with the modified moiré pattern, and also by a change of the intralayer
Hamiltonian through distortion of the lattice. The latter is known to be described by the pseudo
magnetic field in the effective mass Dirac Hamiltonian.[115, 102, 119] The vector potential for the
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where γ0 = t(a0) is the nearest neighbor transfer energy of intrinsic graphene, v = (
√
3/2)aγ0 is
the band velocity of the Dirac cone, and

















































































































The field direction is opposite between layer 1 and 2, because u(1) = −u(2).
Figure 3.7(c) shows the distribution of or the pseudo magnetic field on the layer 1 for several
TBG’s. The field direction is opposite between layer 1 and 2, because u(1) = −u(2). We observe a
triangular pattern with positive and negative field domains, which are centered at the AB and BA
stacking regions, respectively. The field amplitude is huge, but it does not necessarily results in
a strong effect on the electronic structure, since it is rapidly oscillating in space with nano-meter
scale. The pseudo-magnetic field enters in the Hamiltonian as a form of evA with the pseudo vector
potential A. When the field spatially modulates with the wave length LM, the associated matrix
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element opens a band gap at the energy E ∼ ~v/LM measured from the Dirac point. Therefore,
the effect of the pseudo field significantly affects the band structure when evA >∼ ~v/LM, while
otherwise it is just perturbative. Now the scale of evA is roughly estimated as







where the strain tensor uij is estimated about u/LM = 2(u/a) sin(θ/2), considering the displace-
ment field u is modulating with the moire wavelength ∼ 1/LM. The typical scale of u/a can be
read from Fig. 3.7(a). For θ = 2.65◦, for example, u/a ∼ 0.03 gives evA ∼ 10meV, and it is much
smaller than ~v/LM ∼ 180meV. So the effect of evA is perturbative, and this is consistent with
a small change in the band structure observed in Fig. 3.8 (a). For θ = 1.05◦, on the other hand,
evA ∼ 30meV is comparable with ~v/LM ∼ 50meV, so the pseudo field plays a significant role in
the modification of the low-energy bands.
Chapter 4
AB-BA domain boundary in
multilayer graphenes
Based on the study on last chapter, the relaxed TBG at small rotation angle results in a system of
AB/BA domains structure separating by thin domain walls. When the rotation angle is close to 0,
the Moiré period become infinite. Therefore, any single domain walls can be viewed as a boundary
connecting two uniform and semi-infinite AB/BA domains.
In this chapter, we will provide a simple theoretical model for atomic structure of AB/BA
domain boundary on multilayer graphenes. Using tight-binding model and transfer matrix method,
we will calculate the transmission probability through the boundary as a functional electron density.
4.1 Atomic structure of domain boundary
Let us consider the AB-BA domain boundaries in bilayer graphene as illustrated in Fig. 4.1, where
the uniform BA stacking in the left region (x < 0) is continuously deformed in the boundary region
(0 < x < W ) to connect to the uniform AB stacking in the right region (x > W ). We assume
that the system is periodic in y-direction. The side view shows the atomic positions on a xz-
plane, where filled circles and open circles indicate A and B atoms, respectively, while dots are the
centers of hexagons denoted as C sites (no atoms). The domain boundary is created by shifting
two graphene layers in the right region with respect to each other, while fixing the left region.
Specifically, we start with the regular BA bilayer graphene [Fig 4.1 (a)], and shift the top layer and
the bottom layer of the right region by ±a/(2
√
3) (where a = 0.246 nm is the graphene’s lattice
constant), respectively, with the structure in the left region fixed. We assume that the atomic
positions in the intermediate region linearly interpolates between left and right. The width of the





At N = 20, for instance, we have W ≈ 8.7 nm, while the realistic boundary width is about 10nm
[77]. Here we focus on the boundary parallel to the zigzag direction which has the biggest effect
on the transmission. [108].
The construction of the domain boundary in general N -layer graphene is similar to the bilayer
case, where we assume only the bottom layer is expanded by a/
√
3 in x-axis while other N − 1
layers are fixed to the Bernal stacking without distorion as illustrated in Fig. 4.2. The stacking
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Figure 4.2: Side view of N-layer domain boundary, which consists of N − 1 Bernal stacking layers
(red layers) and one distorted layer at the bottom (blue layer).







Figure 4.3: AB stacking lattice .
structure can be specified by the sequence of sites along a vertical line; here we see that · · ·BABA
stack at x = 0 is continuously deformed to · · ·BABC stack at x = W .
4.2 Transmission probability
In the following, we present the formulation to calculate the electron transmission in the boundary
region. We first identify the conducting channels in the left and right regions, which are uniform AB
and BA bilayer, respectively, and then derive the transmission matrix elements between conducting
channels of the left and the right regions. The following formula is obtained by extending the
method for one-dimensional system, which is presented in Appendix A.
4.2.1 Uniform bilayer graphene
We define the unit cell of AB bilayer graphene (the left region) as in Fig. 2.4, which consists of 8
atoms. The lattice constant is a ≈ 0.246nm, the size of unit cell is
√
3a. For infinite-uniform AB
bilayer lattice (Fig. 4.3), the Schrödinger equation reads
(ε−H0)Cj = −T †Cj−1 − TCj+1, (4.1)
where Cj , Cj−1, Cj+1 are 8-component vectors consisting of 8 wavefunctions of 8 atoms in each
unit cell, and H0, T †, T are 8× 8 matrices. H0 consists of transfer integrals between atoms inside
each unit cells, while T †, T consists of transfer integrals between atoms in j-th cell and atoms in















which gives 16 eigenvalues of λ. These modes are classified as traveling modes if |λ| = 1, and
as evanescent modes if |λ| 6= 1. For traveling modes, we can define the real wave number kx by
λ = exp(ikx
√
3a), and it is even classified to left-going or right-going modes depending on the
expectation value of the velocity along x-direction. For evanescent modes, we categorize |λ| > 1
and |λ| < 1 as left-going and right-going modes, respectively, for the sake of convenience. The 16
eigenmodes are always composed of 8 right-going and 8 left-going modes. Let λ±1 , λ
±
2 , ..., λ
±
8 be
the eigenvalues of the right and left going modes, respectively.
The wavefunction is written as Cj = λ
ju with 8-component eigenvector u. We define u±i as
the eigenvectors corresponding to λ±i . We then define the 8× 8 matrices
U± = (u±1 ,u
±
2 · · ·u
±
8 ), (4.3)







Now any left and right-going waves can be written as the superposition of the waves functions u−j

























which is similar to the Bloch theorem. The wavefunction at site j can be generally written as






By doing the similar process for BA bilayer graphene (the right region), we are also able to get









R for the right region (BA-stack).
4.2.2 Transmission probability formula
Fig. 4.4 schematically illustrates the Hamiltonian of the AB-BA domain boundary. The tight-
binding equations read 
(ε−H0)C0 = −T0Cinter − T †LC−1,
(ε−Hinter)Cinter = −T †0C0 − TN+1CN+1,
(ε−HN+1)CN+1 = −T †N+1Cinter − TRCN+2.
(4.10)
Here C0, C−1, CN+1, CN+2 are 8-component vectors, Cinter is n-component vector, with n being
the number of atoms in the intermediate region. H0, HN+1 are 8 × 8 matrices, Hinter is a n × n
matrix, and T0, TN+1 are n× 8 and 8× n matrices, respectively.
In the following, we consider a situation where the incident wave comes from the left region,






















Note that there are only right-going waves in the right region.















Figure 4.4: Schematic view of the AB-BA domain boundary.
Then (4.10) becomes
(ε−H0 + T †L(F
+
L )






(ε−Hinter)Cinter = −T †0C0 − TN+1CN+1,



















The Hamiltonian is (n+ 16)× (n+ 16) matrix
H̃ =





−T †0 Hinter −TN+1














G2 · · ·
 , (4.15)
where G1 and G2 are 8× 8 matrices.


















−1 − (F−L )
−1]− 1}C+0 . (4.17)
Similarly, the right-going waves at site N + 1 is writte nas





−1 − (F−L )
−1]C+0 . (4.18)
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To calculate the transmission and reflection probability, we first write the left and right-going










The transmission and reflection matrices are defined by αt = Tαi and αr = Rαi, and they are
given by




















The transmission coefficient for incident wave ν with velocity vν and out-going channel µ with















These formula can also be used to derive the transmission probability for trilayer case.
4.2.3 Landauer conductance
Using the transmission coefficient tµν , we may calculate the conductance through the boundary

















where the indexes µ and ν run over all the traveling modes, and we assumed the system is periodic
in y-direction with a sufficiently long period Ly. The conductance G is naturally proportional to












which measures the total electron transmission of the domain boundary.
4.3 Numerical result and discussion
4.3.1 Bilayer graphene and the effect of asymmetric electric potential
We first consider the AB-BA domain boundary in bilayer graphene [Fig. 4.1]. The width of the
boundary region is chosen as N = 20, or W = (N + 1/2)a
√
3 ≈ 8.7nm. Fig. 4.5 (a) shows the
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Figure 4.5: Energy band structures of bilayer graphene in the vicinity of K-point with the interlayer
asymmetric potential (a) ∆ = 0 and (b) ∆ = 0.1 eV. The dashed lines indicate the Fermi levels
corresponding to several carrier densities ns.
band structure of uniform AB-bilayer graphene, where the energy origin ε = 0 is set to the band
touching point. In the top panels of Fig. 4.6 (a), we plot the transmission probability as a function
of wave vector ky around the K-point at several Fermi energies. Here we choose the energy range
0 < εF < 0.15eV, where we have at most a single traveling channel in one-direction at each ky,
where we have the only transmission probability |t1′1|2.
We observe that the electron transmission is very small near the bottom of conduction band
(εF = 0.03eV) where the electron waves mostly get reflected at the boundary, while the transmis-
sion probability sharply rises up in increasing the Fermi level. [108, 109] This behavior can also be
seen in Fig. 4.7 which plots the total transmission G/Ly as a function of electron density. In Fig.
4.7, we also compare the total transmission for the AB-BA domain boundary (blue) with that for
the uniform AB bilayer graphene without domain boundary (black). We see that, that ratio of the
former to the latter is almost zero near the zero energy, while rapidly increases at higher energy
levels. This result suggests that the existence of the domain boundary dramatically reduces the
conductivity of the bilayer graphene near the charge neutral point.
These characteristic features can be roughly explained from two different aspects. First, we
generally expect a bigger transmission in a smoothly changing boundary than in the sharply
changing boundary. The smoothness / sharpness is characterized by the ratio of the wave length of
the incident wave λ to the width of the boundary region W . In the low Fermi energy (εF = 0.03eV),
the effective wavenumber measured from K point is about k ≈ 0.04a−1, and then the wavelength
λ = 2π/k ∼ 40 nm is actually larger than the width of boundary region at W ≈ 8.7 nm (N = 20).
So this case is regarded as a sharp boundary, suggesting that we have a considerable reflection. In
increasing the Fermi level, the ratio λ/W simply decreases, i.e., the boundary becomes relatively
smoother and gives a larger transmission.
Another important aspect that affects the transmission is the wavenumber matching in slowly
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Figure 4.6: Electron transmission probability |tµν(ky)|2 through AB-BA domain boundary (W =
8.7 nm) on the bilayer graphene with the interlayer asymmetric potential (a) ∆ = 0 and (b)
∆ = 0.1 eV. The lower panels show the local Fermi surfaces and their corresponding local atomic
structures.
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Without boundary (∆ = 0)
With boundary (∆ = 0)
With boundary (∆ = 0.1 eV)














Figure 4.7: Total transmission G/Ly as a function of the electron density calculated for bilayer
graphene of ∆ = 0 with (blue, solid) and without (black dotted) AB-BA domain boundary (W =
8.7 nm). The red dashed curve is for the domain boundary in presence of the interlayer asymmetric
potential ∆ = 0.1 eV.
varying lattice structure. In Fig. 4.1, we see that the stacking structure gradually changes from
AB to BA in increasing x, and the local lattice structure at any particular x approximates that of
uniform bilayer graphene with a certain interlayer translation. Then we may consider the ”local”
band structure as a function of x, which is defined by the band structure of the corresponding
uniform bilayer graphene. The band structure cannot be rigorously defined since the system is
actually varying in x, but the idea should approximately stand when the spatial variation is slow
enough that the system is nearly uniform within a few Fermi wavelengths. [108] The lower panels of
Fig. 4.6 illustrate the local Fermi surface as a function of position, which is the equi-energy surface
of the local band structure. At εF = 0.03 eV, for instance, the Fermi surface in the intermediate
region shifts along the ky direction, leaving only a small overlap with initial Fermi surface when
projected to ky axis. As a result, for a traveling wave of ky off the overlapping region does not
have corresponding traveling waves in the intermediate region, then it does not reach the other
side. Meanwhile, at higher Fermi levels, the intermediate Fermi surface better overlaps with the
initial one on the ky axis, so that the boundary becomes more transparent.
The correspondence between the transmission and the band structure is only approximate,
but the agreement should become almost perfect when W becomes much larger than the typical
wavelength. To see this, we calculate the transmission probability at various widths of boundary
region, W . In Fig. 4.8, we show the transmission probability in the top panel, and the local band
structure in the bottom. The blue shading indicates the region of ky which has traveling modes
throughout the intermediate region. For small boundary region W = 8.7 nm (N = 20), we still
have a finite transmission probability in the region outside of the blue shading region, because there
the wavelength λ is actually larger than W as already argued, and thus the local Fermi surface is
not well defined. Increasing W , the transmission outside the shaded region vanishes, and at the
same time the transmission probability in the shaded region rapidly rises and reaches almost 1 at
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Figure 4.8: (Top panels) Electron transmission probability |t1′1(ky)|2 in the bilayer domain bound-
ary with various widths W . We fix ∆ = 0 and ns = 4 × 1012cm−12. The blue shading shows the
overlap region of the local Fermi sufaces (see text).
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W = 85.4nm. This is because the wave is hardly reflected in a smoothly-changing boundary which
is much longer than the electron wave length, as long as a traveling mode exists throughout the
intermediate region.
Next, we apply a perpendicular external electric field to the system by adding the asymmetric
electrostatic potential +∆ and −∆ to the top and bottom layers. As shown in Fig. 4.5 (b), ∆
actually opens up a band gap between the touching conduction and valance band, and near the
band edge, the energy dispersion exhibits a complex feature where the Fermi surface split into
several different parts due to the trigonal warping. [29]
In Fig. 4.6 (b), we compare the transmission probabilities in gapped case (∆ = 0) and
that in gapless case (∆ = 0.1 eV) at the two different electron densities. At the lower density
ns = 1.0×1012cm−2, we have two right-going channels in the gapped case so that we plot multiple
transmission probablities |t1′1|2, |t2′1|2 = |t1′2|2, and |t2′2|2. We see that the transmission probabil-
ity is much greater in the gapped case than in the gapless case. The total transmission calculation
in Fig. 4.7 also shows that the suppression at low electron density observed in the gapless case is
considerably relaxed in the gapped case, suggesting that applying the external electric field defi-
nitely increases the electron transmission near the charge neutral point. Here it should be noted
that the total electron transmission can be changed purely by deforming the band structure, with
the electron density fixed. This feature can also be explained in terms of the local Fermi surface
structure shown in the lower panels Fig. 4.6. At ns = 1.0× 1012 cm−2, the Fermi surface spreads
in a wider k-space region than in gapless case due to the complex structure of band bottom. This
results in a shorter Fermi wavelength and also a better overlap with the intermediate Fermi surface,
and both of them contribute to a larger transmission.
4.3.2 Trilayer, four-layer and five-layer graphene
In more than three-layer stack, the left and right regions have generally different energy bands
as shown in Fig. 4.9. When we consider a realistic experimental situation with a single gate
electrode underneath the sample, we have a homogeneous carrier density over the whole system,
[105, 120] where the left and right regions and share the same Fermi energy, while the origins of
band energies are relatively shifted to achieve the same charge density in the both regions. The
situation is schematically illustrated in Fig. 4.10 for the trilayer case. The shift of the band energy is
given by the different electrostatic potentials between the two regions, which automatically arises
to satisfy the electrostatic equation in the field-effect transistor geometry. In the intermediate
region, we simply assume the electrostatic potential V (x) linearly changing in the intermediate
region to connect left and right as shown in the lower panel of Fig. 4.10, i.e.,
V (x) =

0 (x < 0)
xV0
W (0 ≤ x ≤W )
V0 (x > W ).
, (4.28)
We calculate the transmission probability for the tight-binding Hamiltonian with V (x) is included.
Figures 4.11 (a) (b) and (c) plot the total transmission G/Ly as a function of the electron
density for trilayer, four-layer and five-layer cases, respectively, where the black and blue curves
are for with and without domain boundary, respectively. Figure 4.11 (d) shows the ratio of the
transmission with the boundary to without the boundary. The overall behavior in the trilayer
boundary is pretty much similar to the bilayer case, i.e., the transmission is suppressed near the
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Figure 4.9: Energy band structures in the vicinity of K-point of the left region (left panel) and right
region (right panel) in trilayer (top), four-layer(middle) and five layer (bottom) domain boundary.
The dashed lines indicate the Fermi levels corresponding to several specific carrier densities ns.



















Figure 4.10: Schematics of the electrostatic potential V (x) to achieve the same electron density in
ABA stack and ABC stack regions in trilayer graphene.
charge neutral point and gradually rises at the high Fermi energy. In adding more layer, however,
we see that the reduction near ns = 0 becomes gradually weaker. It is a natural consequence
because the wave amplitude per single layer becomes relatively smaller in a larger stack so that
the transmission is less sensitive to the existence of the domain boundary on the surface layer.
When it comes to high density region, we observe some odd-even effect in Fig. 4.11 (d), where
the boundaries with even number of layers show relatively better transmission than in the odd
layers. It is particularly conspicuous when comparing bilayer and trilayer, where the transmission
at n = 20× 1012cm−2 is almost 90% in bilayer while it is only 60% in trilayer.
The even-odd characteristics is closely related to the left and right band structures presented
in Fig. 4.9. There the horizontal dashed lines indicate the Fermi energies corresponding to several
carrier densities ns. In trilayer at ns ≤ 20 × 1012cm−2, for example, we have two right-going
channels ν = 1, 2 in the left region, and a single right-going channel µ = 1′ in the right region. We
notice that the odd layer always has one more channel in left region than in right region, and this
is due to the existence of the monolayer-like band in Bernal stacked odd layer graphene. [36, 121]
Fig. 4.12 shows the transmission probability
∑
µ |tµν(ky)|2 from the incident channel ν (summed
over out-going channels µ) in trilayer, four-layer and five-layer at ns = 20 × 1012 cm−2. In the
odd-layers, the incident carriers from the linear band (green curve) are not very well transmitted,
and at the same time, the carriers from the other non-linear bands are considerably reflected only
in the region of ky where a linear band state exists. This suggests that the reflection matrix
elements between the linear band and the other bands are particularly strong, and it significantly
interferes the total transmission. The strong reflection in presence of the linear band is presumably
related to the fact that a linear band state has a relatively large wave amplitude on the surface
layer compared to other bands. [121] This fact explains why the transmission at the high carrier
density is generally higher in even layer cases where the linear band state is absent.
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(a) Trilayer (b) 4-layer
(c) 5-layer





























(d) Ratio (With / without boundary)
N: number of layers
Figure 4.11: Total transmission G/Ly as a function of the electron density in (a) trilayer, (b)
four-layer and (c) fivelayer, where the black dotted and blue sold curves are for with and without
domain boundary (W = 8.7 nm), respectively. (d) Ratio of G with the boundary to that without
the boundary from bilayer to five-layer.
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Figure 4.12: Transmission probability
∑
µ |tµν(ky)|2 through the domain boundary (W = 8.7 nm)
from the incident channel ν in (a) trilayer, (b) four-layer and (c) five-layer at ns = 20×1012 cm−2.
The channel index ν = 1, 2, · · · corresponds to the numbers in Fig. 4.9.
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While the calculation in this chapter concentrates on the system with a single domain boundary,
the real multilayer graphene samples may may have a number of domain boundaries. When the
system consists of well-separated AB/BA domain boundaries, i.e., the inter-boundary distance
is greater than electron phase coherence length, the system can be viewed as a series of classical
resistors, and hence, the electron conductance is inversely proportional to the number of boundaries.
In the opposite limit, i.e., when the distance between boundaries is smaller than the electron
coherent length, on the other hand, the back-scattering and quantum interference of electron
waves become significant for the transport phenomena. Actually, the energy band structure of the
low-angle TBG shown in the previous section can be viewed as a result of the quantum interference
of electronic waves in the periodically arranged AB-BA boundaries. The detailed studies of the
electronic transport in the coherent situation are left for the future investigation.
Chapter 5
Summary and conclusion
In this thesis, we studied the spontaneous lattice relaxation in misaligned multilayer graphenes
and its effect on the electronic properties.
Specifically, in chapter 3, we have developed the effective theory to calculate the spontaneous
relaxation in TBG, and studied the atomic and electronic structures. In rotation angle larger than
2◦, the lattice is hardly deformed and so the effect on the electronic structure is minimal, while
in smaller rotation angle below 2◦, the lattice is significantly modified to form AB/BA triangular
domain structure. The electronic band structure is then strongly modified where a band gap up
to 20 meV opens above and below the lowest band. The lattice deformation also significantly
relaxes the band flattening observed in non-relaxed case, and it lowers the critical angle at which
the Fermi velocity vanishes. To sum up, our study provides a simple understanding of mechanism
behinds the domain formation in TBG. In our model, the relaxation is governed by three physical
quantities: the rotation angle, the elastics constants of graphene, and the binding energy between
graphene’s layers. The latter two can be fused into a single dimensionless parameter η that can
express the ”stiffness” of the lattice. The simpleness of the model allows it to be easily tested or re-
produced, and by changing those key parameters, we can adopt the model to fit the values observed
in experiments. So far, our result has quantitatively and qualitatively captured the experimental
observations, [77, 118] thereby, has contributed to the further understanding of characteristics of
twisted bilayer graphene systems, which has been in an unclear regime.
In chapter 4, we studied the electron transmission properties in stacking domain boundary
in multilayer graphenes from bilayer to five-layer. We find the boundary significantly reduces
the electron transmission at low Fermi energies, while the reduction becomes gradually weaker
as increasing the number of layers. We also find an odd-even effect at high electron density,
where the even-layer boundaries have better electron transmission than odd-layer boundaries. For
bilayer, we also demonstrated the conductance suppression at low energies is significantly relaxed
by applying a perpendicular external electric field. We found that the transmission characteristics
is closely related the local electronic structure inside the boundary region. The study of the
electron transmission through a single domain boundary provides an understanding of transmission
properties of macroscopic multilayer graphenes and bulk graphite, which are expected to have a
number stacking faults and domains. Our result indicates the electron transmission in a general
graphitic system is significantly suppressed in presence of domain boundaries. The present result
also suggests that a boundary between two different stacking structures may provide a mechanism
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to control the electron current on multilayer graphene. In particular, the fact that the system
being almost insulator near bottom of conduction band and quickly becoming transparent when
increasing Fermi levels gives a possibility to be applied to switching devices.
In conclusion, the thesis has revealed the physics underneath the structural defects in graphitic
systems, and demonstrated that the loosely binding nature of van der Waals interaction realizes a
variety of unique physical properties, which are never observed in monolayer graphene. The nature
of the domain boundary found here could also be exploited in fabricating multilayer samples and
designing graphene-based devices. Also, our theoretical techniques presented in this thesis are not
limited to graphene systems but applicable to any other van der Waals layered materials.
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time. This thesis is my humble present to them for never stop believing in me. I also thank all of
my friends in Japan and Vietnam for always caring for me.
61
62 CHAPTER 5. SUMMARY AND CONCLUSION
Publication list
Papers
• Nguyen N. T. Nam and Mikito Koshino, Physical Review B, 91 (21), 214113 (2015). ”Elec-
tron transmission through a stacking domain boundary in multilayer graphenes”
• Nguyen N. T. Nam and Mikito Koshino, arXiv:1706.03908 (2017). ” Lattice relaxation and
energy band modulation in twisted bilayer graphenes”
Conferences
• Nguyen N. T. Nam and Mikito Koshino. ”Quantum transport through AB-BA domain
boundary on bilayer and trilayer graphene”. 2014 Recent Progress in Graphene Research in
Taipei, Taiwan (2014/9/21-2014/9/25)
• Nguyen N. T. Nam and Mikito Koshino. ”Electron Transmission Through Stacking Domain
Boundary On Multilayer Graphenes”. 2015 APS March meeting in San Antonio, Texas, USA
(2015/3/2-2014/3/6)
• Nguyen N. T. Nam and Mikito Koshino. ”Electron Transmission Through Stacking Domain
Boundary On Multilayer Graphenes”. 2015 The sixteen international conference on the
science and application of Nanotubes in Nagoya, Japan (2015/6/29-2014/7/3)
• Nguyen N. T. Nam and Mikito Koshino. ”Spontaneous strain on twisted bilayer graphene
and its effect on the electronic structure”. 2016 The 33rd international conference on the
physics of semiconductors in Beijing, China (2015/7/31-2014/8/5)
63





Let’s first consider the ideal wire with only one atom at each unit cell, and t beting the hoping
between nearest-atoms. The wave function at site j is denoted by Cj . We have the tight-binding
equation at site j
εCj = −t(Cj+1 + Cj−1) (A.1)
⇒ Cj+1 = −
ε
t
Cj − Cj−1 (A.2)
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Figure A.1: The 1-Dimensional lattice.
For we know that, for ideal wire ε = −2t cos ka. (a is the lattice constant)
Then
λ = exp[±ika] (A.9)
Let’s us call
λ+ = eika (A.10)
λ− = e−ika (A.11)
and U+, U− being the solutions of (A.6) corresponding to λ+, λ−. The (+) implies the right-going
waves while (−) implies the left-going waves.





⇒ C±j+1 = (λ
±)C±j (A.13)
where α± are coefficients.
A.2 Transmission and reflection probability
Now we consider the 1-Dimensional lattice with the boundary region shown in Fig. A.1 below.
• The lattice constant is a
• The boundary (intermediate area) contains N atoms.
• t is the hoping between nearest-atoms in the left and right area.
• t1, t2, t3, ..., tN−1 are the hoping between nearest-atoms in the middle region.
• The wave functions at site 0, 1, 2,... are denoted by C0, C1, C2, ... respectively
The tight-binding equation for the atom at site 0
εC0 = −tC1 − tC−1 (A.14)
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Let’s call C+0 , C
−
0 the wave function of incident wave and reflected wave at site 0 respectively.






Using the Bloch theorem, we can write down the wave function at j-th site which is a mixture




+)j + C−0 (λ
−)j (A.16)
The wave number k is related to λ through (A.11)
λ+ = eika (A.17)
λ− = e−ika (A.18)




+)−1 + C−0 (λ
−)−1 (A.19)
(A.14) and (A.19) give




⇒ [εC0 − ΣL]C0 + tC1 = −t[(λ+)−1 − (λ−)−1]C+0 (A.20)
where ΣL = t(λ
−)−1.
Tight-binding equations for site 1, 2, 3, ...N , N + 1
εC1 + tC0 + t1C2 = 0;
εC2 + t1C1 + t2C3 = 0;
...
εCN + tN−1CN−1 + tCN+1 = 0;
εCN+1 + tCN + tCN+2 = 0.
(A.21)
For (N + 1)-th site, note that: CN+2 = λ
+CN+1. Then the tight-binding equation can be
written as
(ε+ tλ+)CN+1 + tCN = 0
or
(ε− ΣR)CN+1 + tCN = 0 (A.22)
with ΣR = −tλ+
Re-write (A.20) - (A.22) in the matrix form
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express the hoping between the atoms inside the intermediate area.








show the hoping between the interme-














where H̃ = H0 + Σ














C−0 = {−tG0,0[(λ+)−1 − (λ−)−1]− 1}C
+
0 (A.27)
Similarly, the right-going wave at site N + 1
C+N+1 = CN+1 = −tGN+1,0[(λ
+)−1 − (λ−)−1]C+0 (A.28)
To calculate the transmission and reflection probability, we first write the left and right-going















= (U−)−1{−tG0,0[(λ+)−1 − (λ−)−1]− 1}U+ (A.33)
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letters, vol. 16, no. 9, pp. 5923–5927, 2016.
[82] S. K. Jain, V. Jurivci’c, and G. T. Barkema, “Structure of twisted and buckled bilayer
graphene,” 2D Mater., vol. 4, no. 1, p. 015018, 2016.
[83] I. V. Lebedeva, A. A. Knizhnik, A. M. Popov, Y. E. Lozovik, and B. V. Potapkin, “Inter-
layer interaction and relative vibrations of bilayer graphene,” Physical Chemistry Chemical
Physics, vol. 13, no. 13, p. 5687, 2011.
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